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Abstract
In this paper we extend some results of the paper [M. Gromov, G. Henkin, M. Shubin, Holomorphic
L2-functions on coverings of pseudoconvex manifolds, Geom. Funct. Anal. 8 (1998) 552–585].
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1. Introduction
1.1. Let M N be a domain with smooth boundary bM in an n-dimensional complex man-
ifold N , specifically,
M = {z ∈ N : ρ(z) < 0}, (1.1)
where ρ is a real-valued function of class C2(Ω) in a neighbourhood Ω of the compact set
M := M ∪ bM such that
dρ(z) = 0 for all z ∈ bM. (1.2)
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is identified with Cn. By T cz (bM) ⊂ TzN we denote the complex tangent space to bM at z, i.e.,
T cz (bM) =
{
w = (w1, . . . ,wn) ∈ Tz(N):
n∑
j=1
∂ρ
∂zj
(z)wj = 0
}
. (1.3)
The Levi form of ρ at z ∈ bM is a hermitian form on T cz (bM) defined in the local coordinates by
the formula
Lz(w,w) =
n∑
j,k=1
∂2ρ
∂zj ∂zk
(z)wjwk. (1.4)
The manifold M is called pseudoconvex if Lz(w,w) 0 for all z ∈ bM and w ∈ T cz (bM). It is
called strongly pseudoconvex if Lz(w,w) > 0 for all z ∈ bM and all w = 0, w ∈ T cz (bM).
Equivalently, strongly pseudoconvex manifolds can be described as the ones which locally, in
a neighbourhood of any boundary point, can be presented as strictly convex domains in Cn. It is
also known (see [4,13]) that any strongly pseudoconvex manifold admits a proper holomorphic
map with connected fibres onto a normal Stein space.
Without loss of generality we may and will assume that π1(M) = π1(N) for M as above. Let
r :N ′ → N be an unbranched covering of N . By M ′ := r−1(M) we denote the corresponding
covering of M . Also, by bM ′ := r−1(bM) and M ′ := M ′ ∪ bM ′ we denote the boundary and the
closure of M ′ in N ′.
Let dVM ′ be the Riemannian volume form on M ′ obtained by a Riemannian metric pulled
back from N . Let ψ :N ′ → R+ be such that logψ is uniformly continuous with respect to the
path metric induced by this Riemannian metric. By H 2ψ(M ′) we denote the Hilbert space of
holomorphic functions g on M ′ with norm
( ∫
z∈M ′
∣∣g(z)∣∣2ψ(z)dVM ′(z))1/2. (1.5)
For ψ = 1, we write H 2(M ′) instead of H 21 (M ′).
Let X be a subspace of the spaceO(M ′) of all holomorphic functions on M ′. A point z ∈ bM ′
is called a peak point for X if there exists a function f ∈ X such that f is unbounded on M ′ but
bounded outside U ∩ M ′ for any neighbourhood U of z in N ′. A point z ∈ bM ′ is called a local
peak point for X if there exist a function f ∈ X and a neighbourhood U0 of z in N ′ such that f
is unbounded on U ∩M ′ but bounded on U0 \U for any neighbourhood U of z in N ′.
The Oka–Grauert theorem [7] implies that if M is strongly pseudoconvex and bM is not
empty then every z ∈ bM is a peak point for H 2(M). In general it is not known whether a similar
statement is true for boundary points of an infinite covering M ′ of M .
Assume that M ′ := MG is a regular covering of M with a transformation group G. In [9] the
von Neumann G-dimension dimG was used to measure the space H 2(MG). In particular, one of
the main results [9, Theorem 0.2] states the following.
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(a) dimGH 2(MG) = ∞ and
(b) each point in bMG is a local peak point for H 2(MG).
In the present paper we prove an extension of this result. In particular, we show that the regu-
larity of M ′ is irrelevant for the existence of many holomorphic L2 functions on M ′. Our method
of the proof is different from that used in [9] and is based on the L2 cohomology techniques and
the geometric properties of M .
1.2. To formulate our result, let CM ⊂ M be the union of all compact complex subvarieties
of M of complex dimension  1. It is known that if M is strongly pseudoconvex, then CM
is a compact complex subvariety of M . Further, we introduce the Hilbert space l2,ψ,x(M ′) of
functions g on x′ := r−1(x), x ∈ M , with norm
|g|2,ψ,x :=
(∑
y∈x′
∣∣g(y)∣∣2ψ(y))1/2. (1.6)
Let zi , 1 i m, be distinct points in M \CM .
Theorem 1.1. If M is strongly pseudoconvex, then:
(a) For any fi ∈ l2,ψ,zi , 1 i m, there exists F ∈ H 2ψ(M ′) such that F |z′i = fi , 1 i m.
(b) If ψ is such that logψ is bounded from below on N ′, then each point in bM ′ is a peak point
for H 2ψ(M ′).
The particular case of Theorem 1.1 with ψ = 1 was proved originally in [1].
Example 1.2. Let d be the path metric on M ′ induced by a Riemannian metric pulled back
from N . For a point o ∈ M ′ we set do(x) := d(o, x), x ∈ M ′. Then as a function ψ one can take,
e.g., ecdo with c ∈ R in Theorem 1.1(a) and with c 0 in Theorem 1.1(b).
Similar results are valid for certain weighted Lp spaces of holomorphic functions on M ′.
These and some other results will be published elsewhere. It is worth noting that results much
stronger than Theorem 1.1 can be obtained if M is a strongly pseudoconvex Stein manifold, see
[2,3] for an exposition.
2. Auxiliary results
2.1. Let M  N be a strongly pseudoconvex manifold. Without loss of generality we will
assume that π1(M) = π1(N) and N is strongly pseudoconvex, as well. Then there exist a normal
Stein space XN , a proper holomorphic surjective map p :N → XN with connected fibres and
points x1, . . . , xl ∈ XN such that
p :N \
⋃
p−1(xi) → XN \
⋃
{xi}
1il 1il
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convex, and so it is Stein. Without loss of generality we may assume that x1, . . . , xl ∈ XM . Thus⋃
1il p
−1(xi) = CM .
Let p1 :N1 → XN be a desingularization of XN (possibly distinct from N ). We set CN1 :=⋃
1il p
−1
1 (xi). By the definition of such a desingularization, N1 is a strongly pseudoconvex
manifold, as well. We will show that it suffices to prove Theorem 1.1 for unbranched coverings
of M1 := p−11 (XM)  N1 for a suitable choice of N1. This will imply the required result for
coverings M ′ of M .
Now, there are a complex manifold Nm and holomorphic surjective maps with connected
fibres mN :Nm → N and mN1 :Nm → N1 such that m−1N (CM) = m−1N1 (CN1) (=: D) and the maps
mN :Nm \D → N \CM and mN1 :Nm \D → N1 \CN1 are biholomorphic. This means that Nm
is a modification of N and N1, and, in particular,
π1(N) ∼= π1(Nm) ∼= π1(N1).
(As such a manifold Nm one can take a desingularization of the closure of the graph
{(z, (p−11 ◦ p)(z)): z ∈ N \CM} ⊂ N ×N1.)
Let r :N ′ → N be an unbranched covering. Since mN and mN1 induce isomorphisms of the
corresponding fundamental groups, there are unbranched coverings r1 :N ′1 → N1 and rm :N ′m →
Nm and modifications m′N :N ′m → N ′ and m′N1 :N ′m → N ′1 such that
r ◦m′N = mN ◦ rm and r1 ◦m′N1 = mN1 ◦ rm. (2.1)
Let dN ′ , dN ′1 and dN ′m be path metrics on N
′
, N ′1 and N ′m, respectively, determined by the
corresponding pullbacks of hermitian metrics gN , gN1 and gNm on N , N1 and Nm, respectively.
Let K N1 be a domain. We set
K ′ := r−11 (K) ⊂ N ′1 and K ′m :=
(
m′N1
)−1
(K ′) ⊂ N ′m.
Lemma 2.1. Let ψ :N ′ → R+ be such that logψ is uniformly continuous with respect to dN ′ .
Then there are a C∞ function ψ1 :K ′ → R+ such that logψ1 is uniformly continuous with re-
spect to dN ′1 and a constant C > 0 (depending on K,ψ,dN ′ , dN ′1 , dN ′m ) so that
1
C
(
m′N
)∗
ψ(z)
(
m′N1
)∗
ψ1(z)C
(
m′N
)∗
ψ(z) for all z ∈ K ′m. (2.2)
Moreover, if ωN ′1 is the associated (1,1)-form of the metric r∗1gN1 on N ′1, then
−CωN ′1 
√−1 · ∂∂(logψ1) CωN ′1 on K ′m (2.3)
in the sense of Nakano.
Below, by C,c, . . . we denote numerical constants depending on parameters understood from
the context. These constants may change from line to line.
Proof. Let ψm := (m′N)∗ψ be the pullback of ψ to N ′m. We set for brevity
φ := logψ and φm := logψm.
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(∗) φm|K ′ is uniformly continuous with respect to dN ′m for every K ′ satisfying assumptions of
the lemma.
Indeed, by the definition of mN , we have
m∗NgN  cgNm (2.4)
on every compact subset of Nm. Since dN ′ and dN ′m are path metrics determined by the pullbacks
of gN and gNm which are locally equivalent to the Euclidean hermitian metric on Cn, n :=
dimCN , (2.4) implies that there are real numbers C  1, t > 0 such that for all z1, z2 ∈ K ′m with
dN ′m(z1, z2) < t ,
dN ′
(
mN ′(z1),mN ′(z2)
)
 CdN ′m(z1, z2). (2.5)
Further, given 	 > 0 choose t	 ∈ (0, t] so that dN ′(z1, z2) < t	 , z1, z2 ∈ N ′, implies that
|φ(z1) − φ(z2)| < 	. Then by (2.5) dN ′m(w1,w2) < t	C , w1,w2 ∈ K ′m, implies that |φm(w1) −
φm(w2)| < 	. This gives the uniform continuity of φm.
Let U = (Ui)i∈I be a finite open cover of the closure K of K by simply connected co-
ordinate charts Ui  N1. Let {ρi}i∈I be a smooth partition of unity subordinate to U . By
{ρ′i := r∗1 (ρi)}i∈I we denote the partition of unity subordinate to the cover U ′ := {r−11 (Ui)}i∈I of
(K)′ ⊂ N ′1, the unbranched covering of K . Consider also open covers V := {Vi := m−1N1 (Ui)}i∈I
and V ′ := {r−1m (Vi)}i∈I of Km := m−1N1 (K) ⊂ Nm and (Km)′ := (m′N1)−1((K)′) ⊂ N ′m, respec-
tively. By the definition every r−11 (Ui) is biholomorphic to Ui × S where S is the fibre of
r1 :N
′
1 → N1. Therefore r−1m (Vi) is biholomorphic to Vi × S by our construction.
Choose some points zi ∈ Vi and for each i ∈ I define a function ti : r−1m (Vi) → R by the
formula
ti (z, s) := φm(zi, s), z × s ∈ r−1m (Vi) := Vi × S.
Note that from (∗) it follows that φm is uniformly continuous on ⋃i∈I (r−1m (Vi)) with respect
to dN ′m . This and the boundedness of diam(Vi) for all i imply that there is a constant c such that∣∣φm(v)− ti (v)∣∣ c for every v ∈ r−1m (Vi), i ∈ I. (2.6)
Since r−1m (Vi) = (m′N1)−1(r−11 (Ui)), for each i ∈ I there is a locally constant function
φ1i : r
−1
1 (Ui) → R such that (
m′N1
)∗
φ1i = ti .
Now, we define a locally constant cocycle {φ1ij } on the open cover U ′ of K ′ by the formula
φ1ij (v) = φ1i (v)− φ1j (v) for v ∈ r−1(Ui ∩Uj ).1
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sup
i,j,v
{∣∣φ1ij (v)∣∣} 2c. (2.7)
Finally, we define functions φ1 and ψ1 by the formulas
φ1(v) = φ1i (v)+
∑
k
ρ′k(v)φ1ki(v), v ∈ r−11 (Ui)∩K ′, and ψ1 := eφ1 . (2.8)
Clearly ψ1 and φ1 are C∞ functions on K ′. According to (2.6) and (2.7) we have∣∣((m′N1)∗φ1)(v)− φm(v)∣∣ 3c for every v ∈ K ′m.
This gives inequality (2.2) of the lemma.
Also, from (2.8) for v ∈ r−11 (Ui)∩K ′ we obtain
dφ1(v) =
∑
k
(
dρ′k(v)
)
φ1ki(v) and (2.9)
√−1 · ∂∂φ1(v) =
∑
k
√−1 · (∂∂ρ′k(v))φ1ki(v). (2.10)
Since every ρ′k is pullback from N1 of a smooth function with a compact support and since
the order of the cover U ′ is finite, (2.9) imply that |dφ1| is bounded on K ′, where | · | is the
hermitian metric on the cotangent bundle on N ′1 induced by r∗1gN1 . This means that φ1 is locally
a Lipschitz function on K ′ with respect to dN ′1 . Since dN ′1 is determined by the pullback of gN1
which is locally equivalent to the Euclidean metric on Cn, the boundedness of |dφ1| implies that
φ1 is uniformly continuous on K ′ with respect to dN ′1 .
Similarly, from (2.10) we obtain
−CωN ′1 
√−1 · ∂∂φ1  CωN ′1 on K ′
for some C > 0.
This completes the proof of the lemma. 
2.2. Using Lemma 2.1 we will show that it suffices to prove Theorem 1.1 for unbranched
coverings of M1 = p−11 (XM), and then from here to obtain the required result for coverings
of M .
Set M ′1 := r−11 (M1). According to Lemma 2.1 there is a function ψ1 :K ′ → R+, where
K ′ = r−11 (K) and K N1 is a domain containing the closure M1, such that logψ1 is uniformly
continuous with respect to dN ′1 and satisfies (2.2) and (2.3). Assume now that h is a holomorphic
function on M ′1 from H 2ψ1(M
′
1). Here H
2
ψ1
(M ′1) is determined by integration with respect to the
Riemannian volume form dVM ′1 determined by the hermitian metric r
∗
1gN1 , see (1.5).
Lemma 2.2. Let O M1 be a neighbourhood of CN1 . Then
A := sup
z∈O
|h|2,ψ1,z < ∞
(see (1.6) for the definition of | · |2,ψ1,z).
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naturally identify r−11 (U) with U × S where S is the fibre of the map r1 :N ′1 → N1. Since logψ1
is uniformly continuous on M ′1, there is a constant C > 0 such that
1
C
ψ1(q, s)ψ1(z, s) Cψ1(q, s) for all (z, s) ∈ U × S. (2.11)
Let V U be another neighbourhood of q . Then by the Bergman inequality for holomorphic
functions, see, e.g., [8, Chapter 6, Theorem 1.3], using (2.11) and the fact that h ∈ H 2ψ1(M ′1) we
obtain for some c > 0 depending on U , V and gN1
|h|22,ψ1,z :=
∑
s∈S
∣∣h(z, s)∣∣2ψ1(z, s)C ·∑
s∈S
∣∣h(z, s)∣∣2ψ1(q, s)
 Cc ·
∫
(y,s)∈U×S
∣∣h(y, s)∣∣2ψ1(q, s) dVM ′1(y, s)
 C2c ·
∫
(y,s)∈U×S
∣∣h(y, s)∣∣2ψ1(y, s) dVM ′1(y, s) < ∞ for all (z, s) ∈ r−11 (V ).
Taking a finite open cover of O by such neighbourhoods V we obtain the required result from
the above inequalities. 
Let dVM ′m be the Riemannian volume form on M
′
m := (m′N1)−1(M ′1) determined by r∗mgNm
and dVM ′ be the Riemannian volume form on M ′ determined by r∗gN . We set
(M1 \O)′m := (m′N1)−1
(
(M1 \O)′
)
, (M1 \O)′ := r−11 (M1 \O).
Then by the definitions of m′N1 and O we obtain that dVM ′m and (m
′
N1
)∗(dVM ′1) are equivalent
on (M1 \O)′m. From here and Lemma 2.2 we conclude that the pullback hm := (m∗N ′1)h of h is a
holomorphic function on M ′m satisfying:
(1) sup
z∈m−1N1 (O)
|hm|2,(m′N1 )∗ψ1,z = A;
(2) hm|(M1\O)′m ∈ H 2(m′N1 )∗ψ1((M1 \O)
′
m).
Further, (1) and (2) imply directly that hm ∈ H 2(m′N1 )∗ψ1(M
′
m) where this space is determined
by integration with respect to dVM ′m . Now, since (m
′
N1
)∗ψ1 ∼ (m′N)∗ψ on M ′m by Lemma 2.1
and (m′N)∗(dVM ′)  C dVM ′m , from the last implication and the fact that m
′
N :M
′
m → M ′ is a
modification we obtain that there is f ∈ H 2ψ(M ′) such that (m′N)∗f = hm.
Finally, if h satisfies statements (a) and (b) of Theorem 1.1, then f satisfies similar statements
because the maps m′N :M ′m\r−1m (D) → M ′ \r−1(CM) and m′N1 :M ′m\r−1m (D) → M ′1\r−11 (CN1)
are biholomorphic.
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of a desingularization of XN , as the N we will take a canonical desingularization of XN given by
the Hironaka theorem [10], see also the definition in [6, p. 64]. (Observe that since XN is Stein,
according to [11] it can be thought of as a complex subvariety of C2n+1, n = dimCXN . Thus
the required desingularization N can be constructed by a sequence of blow-ups πj :Mj → Mj−1
along smooth centers Cj in Mj−1 where M0 = C2n+1 and C1 =⋃1il{xi}.)
By ω0 we denote the Kähler form on N obtained by the pullback by p of the Euclidean Kähler
form on C2n+1 (we assume as above that XN ⊂ C2n+1).
Let LN be a strongly pseudoconvex neighbourhood of M ⊂ N . We introduce a complete
Kähler metric on the complex manifold L \CM as follows.
First, according to [11] there is a proper holomorphic one-to-one map i :XL ↪→ C2n+1 of the
normal Stein space XL := p(L) into C2n+1, n = dimCXL, which is biholomorphic in regular
points of XL. In particular, i(XL) is a complex subvariety of C2n+1. By ωe we denote the (1,1)-
form on L obtained as the pullback by i ◦ p of the Euclidean Kähler form on C2n+1. Clearly,
ωe is d-closed and positive outside CM .
Next, according to Corollary 9.2.2 of [6] there are a divisor D on N with the same support as
CM , a section S of the line bundle L determined by D whose set of zeros is CM, a metric H on
L and a natural number l such that:
(1) ω1 = lω0 −
√−1 · ∂∂(−log‖S‖2) (2.12)
determines a Kähler metric on a neighbourhood QN of L; and
(2) the (1,1)-form
ω2 = lω0 −
√−1 · ∂∂ log(−log‖S‖2)2 (2.13)
determines a Kähler modified Saper metric on Q \ CM (see Section 1.8 of [6] for the corre-
sponding definition).
Here l depends on Q and ‖ · ‖ stands for the norm with respect to H . We emphasize also that
one of the properties of a modified Saper metric on Q \ CM is that the completion of Q \ CM
with respect to the path metric constructed by it does not contain CM .
Remark 2.3. The aforementioned corollary is formulated for N being a canonical desingular-
ization of a complex subvariety XN of a compact Kähler manifold. In this case in (1) and (2)
we obtain also completeness of the constructed metrics. However, the proof presented in [6]
gives also the above version for every Q  N where N is a canonical desingularization of a
complex subvariety XN of a (not necessarily compact) Kähler manifold, cf. the proof of [6,
Proposition 4.2.1]. In our case it is obtained as follows.
First, the construction presented in [6] implies that there is a section S as above such that
ω0 −
√−1 · ∂∂(−log‖S‖2) is positive on a neighbourhood U Q of CM . Then, since Q N
and ω0 is positive outside CM , there is a natural number k such that
ω0 −
√−1 · ∂∂(−log‖S‖2)−kω0 on Q.
So, the form ω1 defined by (2.12) with l := k + 1 determines a Kähler metric on Q.
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−√−1 · ∂∂ log(− log‖S‖2)2 = √−1 · ∂∂(log‖S‖2)− log‖S‖ + √−1 · 2∂‖S‖2 ∧ ∂‖S‖2‖S‖4(log‖S‖2)2 .
The second term here is nonnegative on N \CM . Since − log‖S‖ is positive in a neighbourhood
of CM and since the set of zeros of S is CM , arguing as in the case of the form ω1 we can find
an integer l such that the form ω2 defined by (2.13) is positive on Q \CM . The fact that such ω2
determines a modified Saper metric on Q \ CM is local and follows from the construction of S
in [6].
Now, let us introduce a Kähler form ωL on L \CM by the formula
ωL := ωe +ω1 +ω2. (2.14)
Proposition 2.4. The path metric d on L \CM induced by ωL is complete.
Proof. Assume, on the contrary, that there is a sequence {wj } convergent either to CM or to the
boundary bL of L such that the sequence {d(o,wj )} is bounded (for a fixed point o ∈ L \ CM ).
Then, since ωL  ωe, the sequence {i(p(wj ))} ⊂ C2n+1 is bounded. This implies that {wj }
converges to CM . But since ωL  ω2, the latter is impossible because ω2 determines a modified
Saper metric on L \CM . 
In the same way one obtains complete Kähler metrics on unbranched coverings of L \ CM
induced by pullbacks to these coverings of the Kähler form ωL on L \CM .
2.4. We retain the notation of the previous section. Also, for an n-dimensional complex
manifold X by TX and T ∗X we denote complex tangent and cotangent bundles on X and by
KX =∧n T ∗X and K∗X =∧n TX the canonical line bundle on X and its dual, respectively.
We equip K∗Q with the hermitian metric induced by ω1. Let ΘL be the curvature of K∗Q|L\CM .
Then from (2.14) and the fact that LQ one obtains that there is a constant c1 > 0 such that
ΘL −c1ωL. (2.15)
Let r :Q′ → Q be an unbranched covering. Consider the corresponding covering (L\CM)′ :=
r−1(L \ CM) of L \ CM . We equip (L \ CM)′ with the complete Kähler metric induced by the
form ω′L := r∗ωL. Also, we equip Q′ with the metric induced by r∗ω1. Then the curvature
Θ ′L := r∗ΘL of the holomorphic bundle K∗Q′ |(L\CM)′ with the metric induced by r∗ω1 satisfies
Θ ′L −c1ω′L. (2.16)
Let f0 ∈ C∞(Q′) be the pullback by p ◦ r of the function ‖z‖2 on C2n+1. (Here ‖ · ‖ is the
Euclidean metric on C2n+1.) Then r∗ω0 =
√−1 · ∂∂f0.
Also, by fe ∈ C∞((L \ CM)′) we denote the pullback by i ◦ p ◦ r of ‖z‖2, z ∈ C2n+1, by
f1 ∈ C∞((L \ CM)′) the pullback by r of the function lf0 + log‖S‖2 (see (2.12)), and by f2 ∈
C∞((L \CM)′) the pullback by r of the function lf0 − log(− log‖S‖2)2 (see (2.13)).
A. Brudnyi / Journal of Functional Analysis 249 (2007) 354–371 363We set
f := fe + f1 + f2. (2.17)
Clearly we have
ω′L :=
√−1 · ∂∂f. (2.18)
Let E := (L \ CM)′ × C be the trivial holomorphic line bundle on (L \ CM)′. Let g1 be the
pullback to (L \CM)′ of a smooth plurisubharmonic function on L and g2 be a smooth function
on L′ such that for some c2 > 0
√−1 · ∂∂g2 −c2ω′L. (2.19)
We equip E with the hermitian metric e−2(c1+c2)f−g1−g2 (i.e., for z×v ∈ E the square of its norm
in this metric equals e−2(c1+c2)f (z)−g1(z)−g2(z)|v|2 where |v| is the modulus of v ∈ C). Then the
curvature ΘE of E satisfies
ΘE := −
√−1 · ∂∂ log(e−2(c1+c2)f−g1−g2)= 2(c1 + c2)ω′L + √−1 · ∂∂(g1 + g2). (2.20)
Also, the curvature Θ of E ⊗ K∗
Q′ |(L\CM)′ equipped with the tensor product of the above intro-
duced hermitian metrics is
Θ = Θ ′L +ΘE.
From here, (2.16) and (2.20) we get
Θ  (c1 + c2)ω′L. (2.21)
2.5. Let X be a complete Kähler manifold of dimension n with a Kähler form ω and E be
a hermitian holomorphic vector bundle on X with curvature Θ . Let Lp,q2 (X,E) be the space of
L2 E-valued (p, q)-forms on X with the L2 norm, and let Wp,q2 (X,E) be the subspace of forms
such that ∂η is L2. (The forms η may be taken to be either smooth or just measurable, in which
case ∂η is understood in the distributional sense.) The cohomology of the resulting L2 Dolbeault
complex (W ·,·2 , ∂) is the L2 cohomology
H
p,q
(2) (X,E) = Zp,q2 (X,E)/Bp,q2 (X,E),
where Zp,q2 (X,E) and B
p,q
2 (X,E) are the spaces of ∂-closed and ∂-exact forms in L
p,q
2 (X,E),
respectively.
If Θ  	ω for some 	 > 0 in the sense of Nakano, then the L2 Kodaira–Nakano vanishing
theorem, see [5,12], states that
H
n,r
(2) (X,E) = 0 for r > 0. (2.22)
We can apply this to the bundle E ⊗K∗
Q′ |(L\CM)′ from Section 2.4. Then from (2.21) we get
H
n,r(
(L \CM)′,E ⊗K∗Q′ |(L\CM)′
)= 0 for r > 0. (2.23)(2)
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mitian metric induced by ω′L. Consider the hermitian line bundle Vg1,g2 := E ⊗ K∗Q′ |(L\CM)′ ⊗
K(L\CM)′ equipped with the tensor product of the corresponding hermitian metrics. Then from
(2.23) we have
H
0,r
(2)
(
(L \CM)′,Vg1,g2
)∼= Hn,r(2) ((L \CM)′,E ⊗K∗Q′ |(L\CM)′)= 0 for r > 0. (2.24)
Remark 2.5. There is a canonical isomorphism i : (L \ CM)′ × C → Vg1,g2 defined in local
complex coordinates z = (z1, . . . , zn) on (L \CM)′ by the formula
i(z × v) := z ×
(
v · 1 ⊗ ∂
∂z1
∧ · · · ∧ ∂
∂zn
⊗ dz1 ∧ · · · ∧ dzn
)
.
In what follows we identify Vg1,g2 with (L \CM)′ × C by i.
2.6. Let U ⊂ L be a relatively compact neighbourhood of CM . Consider a finite open cover
(Ui)1ik of L \U by simply connected coordinate charts Ui N \CM . We introduce complex
coordinates on U ′i := r−1(Ui) ⊂ N ′ by the pullback of the coordinates on Ui . In these coordinates
U ′i is naturally identified with Ui × S where S is the fibre of r : N ′ → N .
Let η be a smooth (p, q)-form on (L \CM)′ equals 0 on r−1(U). Then in the above holomor-
phic coordinates (z, s), z = (z1, . . . , zn) ∈ Ui ∩L, s ∈ S, on U ′i ∩L′, L′ := r−1(L), the form η is
presented as
η(z, s) =
∑
i1,...,ip,j1,...,jq
ηi;i1,...,ip,j1,...,jq (z, s) dzi1 ∧ · · · ∧ dzip ∧ dzj1 ∧ · · · ∧ dzjq , (2.25)
where ηi;i1,...,ip,j1,...,jq are smooth functions on (Ui ∩L)× S.
We say that η belongs to the space Ep,q
U ;2,g2((L \CM)′) if in (2.25) we have
sup
z∈Ui∩L,i,i1,...,ip,j1,...,jq
{∑
s∈S
∣∣ηi;i1,...,ip,j1,...,jq (z, s)∣∣2e−g2(z,s)}< ∞. (2.26)
Using the above identification Vg1,g2 := (L \ CM)′ × C, we regard every form on (L \ CM)′
as Vg1,g2 -valued. Then we prove the following.
Proposition 2.6. For every η ∈ Ep,q
U ;2,g2((L\CM)′) there is a plurisubharmonic function g1 in the
definition of the metric on Vg1,g2 such that η ∈ Lp,q2 ((L \CM)′,Vg1,g2).
Proof. In this proof by ‖ · ‖ we denote the hermitian metric on the space of Vg1,g2 -valued (p, q)-
forms induced by the hermitian metrics on Vg1,g2 and T(L\CM)′ . Set
hi;i1,...,ip,j1,...,jq (z, s) := ‖dzi1 ∧ · · · ∧ dzip ∧ dzj1 ∧ · · · ∧ dzjq‖2.
Then hi;i1,...,ip,j1,...,jq is a nonnegative continuous function on (Ui ∩L)× S. Let gˆ1 be such that
r∗gˆ1 = g1. Then by the definition of metrics on Vg1,g2 and T(L\CM)′
hi;i1,...,ip,j1,...,jq (z, s) := hˆi;i1,...,ip,j1,...,jq (z) · e−gˆ1(z)−g2(z,s), (2.27)
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Now for some A ∈ N we have∥∥η(z, s)∥∥2 A ∑
i1,...,ip,j1,...,jq
∣∣ηi;i1,...,ip,j1,...,jq (z, s)∣∣2 · hi;i1,...,ip,j1,...,jq (z, s). (2.28)
According to the definition of Lp,q2 ((L \CM)′,Vg1,g2) we have to show that
|η|2 :=
∫
(L\CM)′
‖η‖2 · (ω′L)n < ∞.
Since ω′L = r∗ωL, from (2.27) and (2.28) we get
|η|2 A
k∑
i=1
∫
Ui∩L
( ∑
i1,...,ip,j1,...,jq ,s∈S
∣∣ηi;i1,...,ip,j1,...,jq (·, s)∣∣2e−g2(·,s))hˆi;i1,...,ip,j1,...,jq e−gˆ1ωnL.
Also, by the hypothesis of the proposition, see (2.26),
sup
z∈Ui∩L
{ ∑
i1,...,ip,j1,...,jq ,s∈S
∣∣ηi;i1,...,ip,j1,...,jq (z, s)∣∣2e−g2(z,s)}< ∞ for 1 i  k.
Thus in order to prove the proposition it suffices to check that there is gˆ1 in the definition of the
metric on Vg1,g2 such that for every i,∫
Ui∩L
hˆi;i1,...,ip,j1,...,jq e−gˆ1ωnL < ∞. (2.29)
The required result now follows from
Lemma 2.7. Let h be a nonnegative piecewise continuous function on L equals 0 in some neigh-
bourhood of CM and bounded on every compact subset of L \ CM . Then there exists a smooth
plurisubharmonic function gˆ1 on L such that∫
L
h · e−gˆ1ωnL < ∞.
Proof. Without loss of generality we identify L \ CM with XL \⋃1jl {xj }. Also, we iden-
tify XL with a closed subvariety of C2n+1 as in Section 2.3. Let U be a neighbourhood of⋃
1jl{xj } such that h|U ≡ 0. By Δr ⊂ C2n+1 we denote the open polydisk of radius r centered
at 0 ∈ C2n+1. Assume without loss of generality that 0 ∈ XL \ U . Consider the monotonically
increasing function
v(r) :=
∫
h ·ωnL, r  0. (2.30)
Δr∩(XL\U)
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easily constructed by v). Let us determine
v2(r) :=
r+1∫
0
2v1(2t) dt, r  0.
By the definition, v2 is smooth, convex and monotonically increasing. Moreover,
v2(r)
r+1∫
r+1
2
2v1(2t) dt  (r + 1)v(r + 1).
Next we define a smooth plurisubharmonic function v3 on C2n+1 by the formula
v3(z1, . . . , z2n+1) :=
2n+1∑
j=1
v2
(|zj |).
Then the pullback of v3 to L is a smooth plurisubharmonic function on L. This is the required
function gˆ1. Indeed, under the identification described at the beginning of the proof we have
∫
L
h · e−gˆ1ωnL =
∞∑
k=1
∫
(Δk\Δk−1)∩(XL\U)
h · e−gˆ1ωnL

∞∑
k=1
v(k)e−v2(k−1) 
∞∑
k=1
v(k)e−kv(k) < ∞. 
To complete the proof of the proposition it remains to put in the above lemma
h :=
∑
i,i1,...,ip,j1,...,jq
ρi · hˆi;i1,...,ip,j1,...,jq ,
where ρi is the characteristic function of Ui ∩L. 
2.7. By the definition there exists a positive smooth function λ on L \ CM such that
(r∗λ) · e−g2 determines the hermitian metric on Vg1,g2 (i.e., for z × v ∈ (L \ CM)′ × C = Vg1,g2
the square of its norm in this metric equals (r∗λ)(z)e−g2(z) · |v|2).
Lemma 2.8. Let U L be a coordinate neighbourhood of a point q ∈ CM with complex coordi-
nates z = (z1, . . . , zn). There are positive numbers cU and CU such that
λ ·ωnL  cU · (
√−1 )n
n∧
i=1
dzi ∧ dzi CU ·ωn1 .
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K∗
Q′ |(L\CM)′ and K(L\CM)′ . All these bundles are pullbacks from L of holomorphic vector bundles
E1 := (L \ CM) × C, E2 := K∗Q|L\CM and E3 := KL\CM which are trivial on U . Let fˆ and gˆ1
be such that r∗fˆ = f and r∗gˆ1 = g1 for f , g1 from the definition of the metric on E, see (2.17),
(2.20). We consider the hermitian metric on E1 defined by the function
λ1(z) = e−2(c1+c2)fˆ (z)−gˆ1(z), z ∈ L \CM.
Also, by λ2 and λ3 we denote the functions on U determining hermitian metrics on E2|U and
E3|U , respectively, so that λ|U = λ1|Uλ2λ3. That is,
λ2(z) :=
∣∣∣∣ ∂∂z1 ∧ · · · ∧ ∂∂zn
∣∣∣∣2
E2
and λ3(z) := |dz1 ∧ · · · ∧ dzn|2E3 ,
where | · |E2 and | · |E3 are hermitian metrics on E2 and E3, respectively. By the definition, see
Section 2.4, we have λ2 ∼ 1 on U . Since gˆ1 is smooth on L, we also have gˆ1 ∼ 1 on U . Now,
from the definition of f , see (2.17), it follows that there is a constant c˜U > 0 such that
e−2(c1+c2)fˆ  c˜U on U.
Since λ3(z) ·ωnL := (
√−1 )n∧ni=1 dzi ∧ dzi , from the above relations we obtain
λ ·ωnL  cU · (
√−1 )n
n∧
i=1
dzi ∧ dzi  CU ·ωn1 .
(The last inequality here follows from the fact that ωn1 is smooth on L.) 
Let O  L be a neighbourhood of CM . We set O ′ := r−1(O), C′M := r−1(CM). In the fol-
lowing result L2 functions on (L \CM)′ and M ′ are defined by integration with respect to r∗ωn1 .
Proposition 2.9. Any function h ∈ L2((L \ CM)′,Vg1,g2) holomorphic on O ′ \ C′M admits an
extension hˆ to L′ holomorphic on O ′. Moreover, hˆ|M ′ ∈ L2e−g2 (M ′).
Proof. Consider a simply connected coordinate neighbourhood U O of a point q ∈ CM with
coordinates z = (z1, . . . , zn). Taking the pullback of these coordinates to r−1(U) we identify
r−1(U) with U × S where S is the fibre of r . Then the hypotheses of the proposition imply that∫
z∈U\CM
(∑
s∈S
∣∣h(z, s)∣∣2e−g2(z,s))λ(z)ωnL(z) < ∞. (2.31)
By Lemma 2.8 we have on U ,
λ ·ωnL  CUωn1 .
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∫
z∈U\CM
(∑
s∈S
∣∣h(z, s)∣∣2e−g2(z,s))ωn1(z) < ∞. (2.32)
Since g2 is a smooth function on L′, in particular, this implies that every h(·, s), s ∈ S, be-
longs to the L2 space on U \ CM defined by integration with respect to the volume form
(
√−1 )n∧ni=1 dzi ∧dzi . Also, every h(·, s) is holomorphic on U \CM . Using these facts and the
Cauchy integral formulas for coefficients of the Laurent expansion of h(·, s), one obtains easily
that every h(·, s) can be extended holomorphically to U . In turn, this gives an extension hˆ of h to
r−1(U). Now from (2.32) we obtain that hˆ is an L2
e−g2 holomorphic function on r
−1(U) where
L2
e−g2 norm is defined by integration with respect to r
∗ωn1 .
Next assume that U˜  L \ CM is a simply connected coordinate neighbourhood of a point
q ∈ M \CM . Identifying r−1(U˜ ) with U˜ ×S we have anew inequality of type (2.31) for h|r−1(U˜).
Since U˜  L \CM and λ and ωnL are smooth on L \CM by their definitions, we obviously have
on U˜
λ ·ωnL ∼ ωn1 .
Similarly to (2.32) this implies that h is an L2
e−g2 function on r
−1(U˜) where L2
e−g2 norm is defined
by integration with respect to r∗ωn1 . Taking a finite open cover of M by the above neighbourhoods
U and U˜ and considering the extension of h to M ′ defined by the above extended functions hˆ on
r−1(U) we get the required result. 
3. Proofs
3.1. Proof of Theorem 1.1(a)
Replacing if necessary ψ in Theorem 1.1 by an equivalent function ψ1 from Lemma 2.1 we
may assume without loss of generality in our proofs that ψ itself is C∞ and satisfies on L′
inequality (2.3) of the lemma. (Clearly the spaces L2ψ(L′) and L2ψ1(L′) are isomorphic.)
First, we prove Theorem 1.1(a) for m = 1.
Theorem 3.1. Let z ∈ M \ CM and z′ := r−1(z) ∈ M ′. Then for any f ∈ l2,ψ,z(z′) there exists
F ∈ H 2ψ(M ′) such that F |z′ = f .
Proof. In the proof we retain the notation of Section 2.
Let p :N → XN be the proper holomorphic map onto the normal Stein space XN from
Section 2.1 such that p :N \ CM → XN \⋃1il{xi} is biholomorphic. Since XN is Stein,
there is a holomorphic function h on XN whose set of zeros Zh contains p(z) and does not
intersect
⋃
1jl{xj }. Let O  XN be a Stein neighbourhood of the compact set Zh ∩ XL,
XL := p(L), such that O ∩⋃1jl{xj } = ∅ and O is holomorphically convex in XN . We set
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h1 on O ′ satisfying
h1|z′ = f and sup
y∈p−1(O)
{ ∑
x∈r−1(y)
∣∣h1(x)∣∣2ψ(x)}< ∞. (3.1)
Let ρ be a C∞ function on XN \⋃1il{xi} equals 1 in some neighbourhood of Zh ∩ O in
O and 0 outside O . By ρ′ := (p ◦ r)∗ρ we denote its pullback to N ′. Then h2 := (ρ′ ·h1)|(L\CM)′
is a C∞ function on (L \ CM)′. Let h′ := (p ◦ r)∗h|L′ be the restriction to L′ of the pullback
of h. Consider the C∞ (0,1)-form η := ∂h2/h′. It follows easily from (3.1) and (2.26) that η ∈
E0,1
U ;2,− logψ((L \CM)′) for some U ⊂ L \p−1(O). Hence, according to Proposition 2.6, there is
a function g1 in the definition of the metric on the vector bundle Vg1,− logψ from Section 2.5 such
that η ∈ L0,12 ((L \ CM)′,Vg1,− logψ). Moreover, according to inequality (2.3) for ψ |L′ , − logψ
satisfies inequality (2.19) (for some c2). Since ∂η = 0, by (2.24) there is a function h3 ∈ L2((L \
CM)
′,Vg1,− logψ) such that ∂h3 = η. Choose g1 in the definition of the metric on Vg1,− logψ so
that also h2 ∈ L2((L \ CM)′,Vg1,− logψ). Thus h4 := h2 − h′h3 ∈ L2((L \ CM)′,Vg1,− logψ), is
holomorphic on (L \ CM)′ and satisfies h4|z′ = f . Finally, by Proposition 2.9, F := h4|M ′ ∈
H 2ψ(M
′). 
Now, let us prove Theorem 1.1(a).
By Theorem 3.1 there are functions Fi ∈ H 2ψ(M ′) such that Fi |z′i = fi , 1  i m. Let ti be
a holomorphic function on N such that ti (zi) = 1 and ti (zj ) = 0 for j = i. Then the function
F :=∑1im r∗ti · Fi satisfies the required condition. 
3.2. Proof of Theorem 1.1(b)
Let x ∈ bM be a boundary point of a strongly pseudoconvex manifold M N . We will prove
that each point y ∈ r−1(x) is a peak point for H 2ψ(M ′), if logψ is bounded from below.
Choose a coordinate neighbourhood U1 N of x with complex coordinates w = (w1, . . . ,wn)
centered at x such that the complex tangent space T cx (bM) is given by the equation w1 = 0. Con-
sider the Taylor expansion of the defining function ρ for M , see (1.1), (1.2), at x:
ρ(w) = ρ(x)+ 2 Ref (x,w)+Lx(w − x,w − x)+O
(‖w − x‖3), (3.2)
where Lx is the Levi form at x and f (x,w) is a complex quadratic polynomial with respect to w:
f (x,w) = ∂ρ
∂w1
(x)w1 + 12
∑
1μ,νn
∂2ρ
∂wμ∂wν
(x)wμwν.
(Here ∂ρ
∂w1
(x) = 0 and ∂ρ
∂wi
(x) = 0 for 2 i  n by the choice of the coordinates on U1.) Next, in
a sufficiently small simply connected neigbourhood U  U1 of x we introduce new coordinates
z = (z1, . . . , zn) by the formulas
z1 = f (x,w) and zi = wi for 2 i  n.
370 A. Brudnyi / Journal of Functional Analysis 249 (2007) 354–371Since bM is strongly pseudoconvex at x, diminishing if necessary U we have that in U the
intersection of the hyperplane z1 = 0 with M consists of the point x and Re z1 < 0 in U . Let
H := {z ∈ U : Re z1 < 0}. Then we can choose a branch of log z1 so that hx(z) = log z1 is a
holomorphic function in H . Clearly, hx ∈ L2(H) for L2 defined by a Riemannian volume form
pulled back from N , and hx has a peak point at x.
Let H ′ := r−1(H)N ′. Take a point y ∈ r−1(x) ⊂ bM ′. Let Hy be the connected component
of H ′ containing y. We set hy := r∗hx |Hy . Next, consider a smooth function ρ on N equals 1
in a neigbourhood O  U of x with support S  U . Let Oy  Uy be connected components of
O ′ = r−1(O) and U ′ = r−1(U) containing y. By ρy we denote the pullback of ρ|U to Uy and
by S′  U ′y the support of ρy . Then ∂(hyρy) can be extended by 0 to a C∞ (0,1)-form η on
(N ′ \ S′)∪H ′y ∪O ′y . Note that (N \ S)∪H ∪O is a neighbourhood of M . Hence, since M N
is strongly pseudoconvex, there is a strongly pseudoconvex manifold L (N \ S)∪H ∪O such
that M ⊂ L. Observe also that r−1((N \ S) ∪ H ∪ O) ⊂ (N ′ \ S′) ∪ H ′y ∪ O ′y . Thus the form
η is well defined on L′ := r−1(L). Moreover, by our definitions η ∈ E0,1
W ;2,− logψ((L \ CM)′) for
some neighbourhood W of CM , see Section 2.6. Now, according to Proposition 2.6 there is a
function g1 in the definition of the metric on the vector bundle Vg1,− logψ from Section 2.5 such
that η ∈ L0,12 ((L \ CM)′,Vg1,− logψ). Since ∂η = 0, by (2.24) there is a function h1 ∈ L2((L \
CM)
′,Vg1,− logψ) such that ∂h1 = η. According to Proposition 2.9 h1|(M\CM)′ is extended to an
L2ψ function h2 on M ′. From here, using the fact that (hyρy)|M ′∩Hy is extended by 0 to a smooth
L2ψ function on M ′, we get h := hyρy −h2 ∈ H 2ψ(M ′). Clearly, h has a local peak point at y. Let
us show that in fact h has a peak point at y. This will complete the proof of the theorem.
Let L1  L be a neighbourhood of M . We set L′1 := r−1(L1). Then by Proposition 2.9
h1|r−1(L1\CM) is extended to an L2ψ function on L′1 (denoted as before by h2). By the defini-
tion, h2 is smooth and holomorphic on L′1 \ S′. From the facts that L1  L, the L2ψ norm ‖ · ‖ψ
on L′1 is defined by a Riemannian volume form pulled back from L and logψ is bounded from
below, using the mean-value property for the plurisubharmonic function |h2|2 on L′1 \ S′ we get
for some c > 0,
sup
z∈M
{ ∑
w∈r−1(z),w/∈Uy
∣∣h2(w)∣∣2} c · ‖h2‖2ψ < ∞.
In addition, h2 is continuous on Uy ∩ M ′. These imply easily that h is bounded outside U ∩M ′
for any neighbourhood U of y in N ′. 
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